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1. Introduction
For a category C with a collection of weak equivalences W, a basic object of
study in homological algebra and in homotopy theory is the \localization" C[W−1].
In [2], Dwyer and Kan show that C[W−1] is the \category of components" of a sim-
plicial category LC, the \simplicial localization". We think of the simplicial category
LC as containing the \higher homotopy" information. If C is the category of spaces
or simplicial sets and W is the collection of weak homotopy equivalences, then for
nice X and Y; LC(X; Y ) has the weak homotopy type of the mapping space YX . If
C is the category of chain complexes of an abelian category with enough injectives
or projectives and W is the collection of quasi-isomorphisms, then for nice X and Y;
LC(X; Y ) is canonically isomorphic to the homology of the function complex
Hom(X; Y ) truncated at 0. More generally, if C is a \simplicial model category", then
when X is cobrant and Y is brant, LC(X; Y ) has the weak homotopy type of the
Hom simplicial set C(X; Y ); see [4] for details.
We study the question of when a functor induces an equivalence of this higher
homotopy information. Precisely, for a functor F :C!D that takes all the weak
equivalences of C to weak equivalences in D, we consider the induced simplicial
functor LF :LC!LD and ask when it is a \weak equivalence" [4, 2.4] of simplicial
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categories. For LF to be a weak equivalence in this case just means that the localization
C[W−1C ]!D[W−1D ] is an equivalence of categories and that for all objects X and Y
of C, the map LC(X; Y )!LD(FX; FY ) is a weak equivalence of simplicial sets.
For the statement of the main theorem, we shall need to restrict to the case when the
categories in question are closed model categories. However, we do not assume that
the functor considered preserves the model structure. Most often the functors of inter-
est preserve only certain weak equivalences, for example weak equivalences between
cobrant objects or weak equivalences between brant objects. In our main result, we
consider functors that preserve weak equivalences between objects that are both co-
brant and brant. In fact, we only need F to be dened on the full subcategory Mcf
of cobrant brant objects of a closed model category M. It is shown in [3, 8.4]
that the inclusion of Mcf in M induces a weak equivalence of simplicial categories
LMcf !LM.
When M and N are closed model categories the localizations M[W−1M ] and
N[W−1N ] are traditionally denoted as HoM and HoN and called homotopy cate-
gories [8]. A functor F :Mcf !N that preserves weak equivalences induces a functor
HoM!HoN, well-dened up to canonical natural isomorphism. If A is an object
of Mcf , then the category of objects under A, MnA, and the category of objects over
A; M=A, are closed model categories with the property that the cobrant brant ob-
jects of MnA and MnA are also cobrant brant objects of M. Thus, F \restricts" to
functors (MnA)cf !NnFA and (M=A)cf !N=FA. Unless N is proper or FA hap-
pens to be cobrant or brant, the category NnFA or N=FA may not be the \right"
category to consider. For a cobrant approximation A0!FA and a brant approxima-
tion FA!A00, the categories NnA0 and N=A00 are better, and we can consider the
restriction of F to functors (MnA)cf !NnA0 and (M=A)cf !N=A00. These functors
preserve weak equivalences, and so we have induced functors Ho(MnA)!Ho(NnA0)
and Ho(M=A)!Ho(N=A00), well-dened up to canonical natural isomorphism. We
can now state the main result.
Theorem 1.1. Let M and N be closed model categories. Let F :Mcf !N be a
functor that preserves weak equivalences and that induces an equivalence of homotopy
categories HoM!HoN. The following are equivalent.
(1) F induces a weak equivalence of simplicial categories LMcf !LN.
(2) For every object A of Mcf ; there is a cobrant approximation A0!FA such
that the induced functor Ho(MnA)!Ho(NnA0) is fully faithful.
(3) For every object A of Mcf and every cobrant approximation A0!FA; the
induced functor Ho(MnA)!Ho(NnA0) is an equivalence.
(4) For every object B of Mcf ; there is a brant approximation FB!B0 such that
the induced functor Ho(M=B)!Ho(N=B0) is fully faithful.
(5) For every object B of Mcf and every brant approximation FB!B0; the in-
duced functor Ho(M=B)!Ho(N=B0) is an equivalence.
Note that when F is the restriction of part of an adjoint pair satisfying Quillen’s
conditions [8, p. 4.6] (see also [5, 9.7.(i){(ii)]), it is known that LF induces an
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equivalence of simplicial localizations [4, 1.1.(ii)]. Likewise, in this situation, it is
easy to see that F satises (3) and (5) above. However, it has not been previously
recognized that these properties of \Quillen equivalences" are closely related. Although
Quillen equivalences comprise many examples that arise in practice, for functors that
are not adjoints, the equivalence of (1) and (3) and the surprising equivalence of (3)
and (5) were previously unknown.
As an application of the previous theorem, we oer a result on homotopy pushouts
and homotopy pullbacks. In a closed model category, homotopy pushouts and homotopy
pullbacks can be described in terms of coproducts in under-categories and pullbacks
in over-categories. The following corollary is then an immediate consequence of the
previous theorem.
Corollary 1.2. Let M and N be closed model categories. If F :Mcf !N preserves
weak equivalences and induces a weak equivalence LMcf !LN; then F preserves
homotopy pushouts and homotopy pullbacks.
Remark on set theoretic issues. The Dwyer{Kan simplicial localization LC of a cate-
gory C has small Hom simplicial sets generally only when the category C is a small
category. Since our arguments involve constructions employing only nite or countable
limits or colimits, we have no set-theoretic problems in considering simplicial \sets"
which are not small. When C is a closed model category, the simplicial Hom sets of
LC are \homotopically small" [4, Section 2,4.1]. It can be checked without diculty
that our arguments never leave the context of homotopically small simplicial sets.
2. Two reductions for Theorem 1.1
In this section we give two reductions of the main theorem. The rst reduction is to
replace the \functor" L of [2] with the \functor" LH of [3]. The second cuts our work
in half by taking advantage of the dual nature of the statements (2), (3) and (4), (5)
in Theorem 1.1
We have stated Theorem 1.1 in terms of the standard simplicial localization of [2]
since this simplicial localization is philosophically the most basic: it is the cotriple de-
rived \functor" of localization. On the other hand, the hammock localization LH of [3]
has nicer properties. Paramount among these is the relationship of LC and LHC to the
category C. There are natural and canonical \inclusions" C!LC and C!LHC, but
the \inclusion" of C into LC is a map of \graphs" and is not a functor. The inclusion
of C in LHC is a functor. The upshot of this for our work is that in using standard
simplicial localization, the dierence between composition in C and composition in
LC introduces homotopies, but using the hammock localization eliminates these homo-
topies. In other words, for maps f :X !Y and g :Y !Z in a category C, whereas the
diagram on the left commutes only up to homotopy, the diagram on the right actually
commutes.
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On the other hand, by [3, 2.2], the hammock localization and the standard simplicial
localizations are related by a functorial chain of weak equivalences. It follows that a
functor induces a weak equivalence on the standard simplicial localization if and only
if it induces an equivalence on the hammock localization. Thus, we have the following
reduction for Theorem 1.1
Reduction 1. It suces to prove the analogue of Theorem 1.1 for the hammock
localization LH .
Because of the better naturality properties of the hammock localization, we shall use
it exclusively in the remainder of the paper, denoting it by L instead of LH . Henceforth
the notation LC will denote the hammock localization of the category C and not the
standard simplicial localization.
For the second reduction, we note that condition (4) is equivalent to condition (2)
applied to the opposite functor F op :Mopcf !Nop. Similarly, condition (5) is equiva-
lent to condition (3) for F op. In addition, since we have canonical isomorphisms of
simplicial categories L(Mopcf )
=(LMcf )op and L(Nop)=(LN)op, the functor LF is a
weak equivalence of simplicial categories if and only if the functor LF op is. Thus, we
have the following reduction for Theorem 1.1.
Reduction 2. It suces to show the equivalence of (1), (2), and (3).
3. The equivalence of (2) and (3)
The equivalence of (2) and (3) in the main theorem is a straightforward closed
model category theory argument. The proof breaks down into two steps. First we need
to change the \for some" into a \for every". This is accomplished by the following
proposition.
Proposition 3.1. Let A01!FA and A02!FA be cobrant approximations. If the in-
duced functor Ho(MnA)!Ho(NnA01) is fully faithful then so is the induced functor
Ho(MnA)!Ho(NnA02).
Proof. Let A0 be a cobrant approximation of the pullback A01FA A02. The maps
A0!A01 and A0!A02 are acyclic brations and in particular weak equivalences. We
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obtain \forgetful" functors NnA01!NnA0 and NnA02!NnA0 that preserve weak
equivalences and therefore induce functors on the homotopy categories. The composite
functors Ho(MnA)!Ho(NnA0) coincide. The proof is then completed by the follow-
ing proposition.
Proposition 3.2. Let X !Y be a weak equivalence between cobrant objects. The
functor NnY !NnX is a Quillen equivalence and therefore induces an equivalence
of homotopy categories.
Proof. The functor R :NnY !NnX has as left adjoint the functor L that takes an
object X !Z of NnX to the object Y !Z qX Y of NnY . This adjunction satises
the condition [5, 9.7.(i)] that ensures that the derived functors exist and give an ad-
junction of homotopy categories. To check condition [5, 9.7.(ii)], it suces to see that
for a cobration X !Z , the induced map Z!Z qX Y is a weak equivalence in N.
When the map X !Y is an acyclic cobration, this is clear from the model category
axioms. When the map X !Y is an arbitrary weak equivalence, this is proved using
the argument [5, 9.9] of K. Brown as follows.
Consider the map X qY !Y induced by the given map X !Y and the identity map
of Y . Factor this as a cobration and an acyclic bration X q Y !W !Y . Then the
maps X !W and Y !W are acyclic cobrations and therefore induce weak equiva-
lences
Z!Z qX W and Z qX Y ! (Z qX Y )qY W =Z qX W:
Since the composite Y !W !Y is the identity on Y , the map
Z qX W ! (Z qX W )qW Y =Z qX Y
is a weak equivalence. The map we are interested in coincides with the composite of
weak equivalences
Z!Z qX W ! (Z qX W )qW Y =Z qX Y
and is therefore a weak equivalence.
Finally we need to show that if F induces an equivalence HoM!HoN, the in-
duced functor Ho(MnA)!Ho(NnA0) is an equivalence whenever it is full and faith-
ful. This is a consequence of the following proposition.
Proposition 3.3. If F induces an equivalence HoM!HoN then every object of
Ho(NnA0) is isomorphic to one in the image of Ho(MnA).
Proof. The proof is the usual \mapping cylinder" argument. Let X be an object in
NnA0 with underlying object X in N. It suces to consider the case when X is
cobrant. Since HoM!HoN is an equivalence, we can nd an object Y in MnA
such that FY is isomorphic to X in (HoN)nA0. Write Y for the underlying object
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in M. Choose a brant approximation  :FY !Y 0. Then we can nd a weak equiva-
lence  :X !Y 0 such that the composite maps f :A0!X !Y 0 and g :A0!FY !Y 0
represent the same map in HoN. It follows that there exists a left cylinder object IA0
of A0 and a homotopy h : IA0!Y 0 such that h  i0 =f and h  i1 = g, where i0 and i1
are the face maps. Let Z be IA0 qA0 X , the pushout of IA0 and X under i0 and regard
Z as an object in NnA0 via the map i1.
The map h together with  induces a map under A0 from Z to Y 0 and the collapse
map on IA0 together with idX induces a map under A0 from Z to X . Since i0 is an
acyclic cobration, the inclusion of X in the pushout Z is an acyclic cobration. The
composite of this map with the maps Z!Y 0 and Z!X are  and idX respectively,
and it follows that the maps Z!Y 0 and Z!X are weak equivalences. These maps
together with  give an isomorphism in Ho(NnA0) between X and FY.
4. The implication (1)) (2)
In this section, we prove that (1) implies (2) in Theorem 1.1. We use a lemma that
explains the relationship between the simplicial localization of a closed model category
and the simplicial localization of its under categories. The lemma itself is proved in
Section 6.
In the following lemma, M denotes a closed model category, A an object in M,
and X and Y objects in MnA. We denote by X and Y the underlying objects in M
of X and Y. We denote the initial object in MnA (the identity map of A) as A.
Lemma 4.1. When A is cobrant; the square
L(MnA)(X;Y) −−−−−! L(MnA)(A;Y)
?????y
?????y
LM(X; Y ) −−−−−! LM(A; Y )
is a homotopy pullback square of simplicial sets.
Since the inclusion of Mcf into M induces a weak equivalence on simplicial lo-
calizations, it follows that when X and Y are cobrant brant in MnA, the square
L(MnA)cf (X;Y) −−−−−! L(MnA)cf (A;Y)
?????y
?????y
LMcf (X; Y ) −−−−−! LMcf (A; Y )
is also a homotopy pullback square of simplicial sets.
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Now let N be a closed model category, and let F :Mcf !N be a functor that pre-
serves weak equivalences. Let A be a cobrant brant object of M, and let  :A0!FA
be a cobrant approximation. Write A0 for the initial object of NnA0. We obtain a
commutative diagram
Since the top and bottom squares are both homotopy pullbacks by the lemma, the
implication (1)) (2) is an immediate consequence of the following proposition.
Proposition 4.2. The simplicial sets L(MnA)cf (A;Y) and L(NnA0)(A0; FY) are
weakly contractible.
Proof. In [3, 4], it was shown that for any closed model category C, any cobrant
object U of C, and any object V of C, there is a simplicial object V of C such
that the simplicial set of maps C(U; V) is weakly equivalent to LC(U; V ). We plug
in MnA or NnA0 for C, A or A0 for U , and Y or FY for V: Since U is an ini-
tial object, C(U; V) is the one point simplicial set. We conclude that L(MnA)(A;Y)
and L(NnA0)(A0; FY) are weakly contractible. Finally L(MnA)cf (A;Y) is weakly con-
tractible since it is weakly equivalent to L(MnA)(A;Y).
5. The implication (3)) (1)
In this section, we use Lemma 4.1 to identify the iterated loop spaces of the map-
ping complex LM(X; Y ) as the mapping complexes in certain undercategories. Since
0L(MnA)(X; Y ) is the set of maps from X to Y in the homotopy category Ho(MnA),
this gives an interpretation of the higher homotopy groups of LM(X; Y ) in terms of
the homotopy categories of under-categories. We use this to prove the implication
(3)) (1) at the end of this section.
To construct the loop space at a given base point, the under-category we need to
consider is MnX q X . The following lemma is proved in the next section.
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Lemma 5.1. If X is a cobrant object ofM; then the map LM(XqX; Y )!LM(X; Y )
LM(X; Y ) induced by the two inclusions of X in X q X is a weak equivalence.
Now let X be cobrant and let Y be brant; then for each component of LM(X; Y ),
we can choose for the base point a zero simplex determined by a map f :X !Y . Write
X for the object X q X !X of MnX q X corresponding to the codiagonal map, and
write Y for the object X q X !Y corresponding to the composite of the codiagonal
with the map f. Applying Lemma 4.1, Lemma 5.1, and Proposition 4.2, we obtain the
following result.
Proposition 5.2. In the notation and with the assumptions above; the based simplicial
set L(MnX q X )(X;Y) is weakly equivalent to 
fLM(X; Y ).
Here we understand L(MnX q X )(X;Y) to be based at the map f :X!Y. Taking
a cobrant approximation of X in MnX q X , we can apply Proposition 5.2 with the
closed model category MnX qX in the place of M. To iterate Proposition 5.2 further,
we introduce the following notation.
Denition 5.3. Let X  S0 be X qX . Inductively, let X Bn be an object with a weak
equivalence X Bn!X and a cobration X  Sn−1!X Bn over X . Let X  Sn
be the coproduct of two copies of X Bn in the category Mn(X  Sn−1); (X Bn)
q(XS n−1) (X Bn).
Iterating Proposition 5.2 we obtain the following proposition.
Proposition 5.4. The based simplicial set L(Mn(X  Sn−1))(X Bn; Y ) is weakly
equivalent to 
nfLM(X; Y ).
Now assume that X and Y are cobrant brant. In order to prove the implication
(3)) (1), we need to understand the naturality of the previous proposition in functors
F :Mcf !N: This is complicated by the fact that the objects X  Sn are cobrant
but not necessarily brant. To x this, factor the map X  S0!X through an acyclic
cobration X  S0!Q0 and a bration Q0!X . Inductively, let
Cn=Qn−1 q(XS n−1) (X Bn);
and factor the induced map Cn!X as an acyclic cobration Cn!Dn and a bration
Dn!X . Then the map Qn−1!Dn is a cobration, and the map X Bn!Dn is
an acyclic cobration that factors the map X Bn!X . Let Rn=Dn qQn−1 Dn. The
induced map X  Sn!Rn is an acyclic cobration. Factor the map Rn!X as an
acyclic cobration Rn!Qn followed by a bration Qn!X .
In other words, we have constructed cobrant brant objects Qn−1; Dn over X ,
acyclic cobrations X  Sn−1!Qn−1, X Bn!Dn over X , and a cobration
M.A. Mandell / Journal of Pure and Applied Algebra 142 (1999) 131{152 139
Qn−1!Dn over X that makes the following diagram commute.
X  Sn−1 −−−−−! Qn−1
?????y
?????y
X Bn −−−−−! Dn
Proposition 3.2 and [4, 1.1.(ii)] imply the following result.
Proposition 5.5. The maps X  Sn−1!Qn−1 and X Bn!Dn induce a weak equiv-
alence L(MnQn−1)(Dn; Y )!L(Mn(X  Sn−1))(X Bn; Y ).
Let F :Mcf !N be a functor that preserves weak equivalences, and let X 0!FX
be a cobrant approximation. The map X q X !Q0 induces a map FX q FX !FQ0
and therefore a map X 0 q X 0!FQ0 that makes the following diagram
commute.
X 0 q X 0−−−−−! FQ0
?????y
?????y
X 0 −−−−−! FX
Let f0 be the composite X 0!FX !FY .
Let X 0 S0 =X 0 q X 0. Inductively, factor the composite map X 0 Sn−1!FDn
through a cobration X 0 Sn−1!X 0Bn followed by an acyclic bration X 0Bn!
FDn. The lifting property for acyclic brations allows us to choose a lift in the fol-
lowing diagram
Let X 0 Sn be the coproduct of two copies of X 0Bn in Nn(X 0 Sn−1); (X 0Bn)
q(X 0S n−1) (X 0Bn). The map Dn qQn−1 Dn!Qn induces a map FDn qFQn−1 FDn!
FQn and therefore a map X 0 Sn!FQn.
The objects X 0 Sn−1 and X 0Bn satisfy the analogue of Denition 5.3, and so
the analogue of Proposition 5.4 holds in N for these objects. It now becomes a
simple matter of keeping track of the chain of maps inducing the weak equivalence of
Proposition 5.2 to prove the following proposition.
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Proposition 5.6. The following diagram in the homotopy category of simplicial sets
commutes.
L(MnQn−1)cf (Dn; Y )
−−−−−! 
nfLMcf (X; Y )
LF
?????y
?????y

LF
L(NnX 0 Sn−1)(X 0Bn; FY ) −−−−−!


nf0LN(X
0; FY )
Now assume that F satises (3) in Theorem 1.1. Then in particular F preserves co-
products in the homotopy categories of the under-categories. Since X  Sn and X 0 Sn
represent the coproducts of two copies of X and X 0 in the homotopy categories
Ho(Mn(X  Sn−1)) and Ho(Nn(X 0 Sn−1)) respectively, we inductively conclude
that the map X 0 Sn!FQn is a weak equivalence for all n 0. Then F induces
an equivalence between Ho(MnQn) and Ho(Nn(X 0 Sn)) and hence the map
0L(MnQn)cf (Dn+1; Y )! 0L(NnX 0 Sn)(X 0Bn+1; FY )
is a bijection. We conclude from Proposition 5.6 that LF induces a bijection
n+1LMcf (X; Y )f! n+1LN(X 0; FY )f0
for all n 0. Since f was arbitrary and LF induces a bijection on path components,
the map LF :LMcf (X; Y )!LN(FX; FY ) is a weak equivalence.
Remark 5.7. The objects X  Sn−1 and X Bn of Denition 5.3 can be thought
of as higher cylinder objects and their boundaries, and can be used (together with
a diagramatic generalization) to dene higher left homotopies in a model category.
Proposition 5.4 then gives a bijection between the homotopy groups of the simplicial
localization and the set of higher homotopies of a map.
6. The proofs of Lemmas 4.1 and 5.1
In this section we prove Lemmas 4.1 and 5.1. The proofs rely on the equivalence of
the simplicial function complex LM(X; Y ) with the simplicial set of maps M(X; Y)
for a simplicial resolution Y !Y [4, 4.3]. In order to make eective use of this, we
need to understand the precise relationship between these two simplicial sets. We do
this with the following lemma, proved in Section 8.
Lemma 6.1. Let X be cobrant and let Y !Y be a simplicial resolution. Then the
inclusions
M(X; Y)! diag LM(X; Y) LM(X; Y )
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are weak equivalences. The composite isomorphism in the homotopy category
M(X; Y)LM(X; Y ) is the one constructed in [4].
Lemma 5.1 is an easy consequence.
Proof of Lemma 5.1. The weak equivalences in Lemma 6.1 reduce this to showing
that the map M(X qX; Y)!M(X; Y)M(X; Y) is a weak equivalence. In fact, this
map is an isomorphism.
Lemma 4.1 is proved as follows. By factoring the map A!X , we can assume
without loss of generality that X is cobrant and the map A!X is a cobration. By
inspection, the square
MnA(X;Y) −−−−−! MnA(A;Y)
?????y
?????y
M(X; Y) −−−−−! M(A; Y)
(6.2)
is a pullback square. If we show that the map M(X; Y)!M(A; Y) is a Kan bra-
tion, then we can conclude that the square (6.2) is a homotopy pullback square, and
Lemma 4.1 will follow from Lemma 6.1. Thus, the proof of Lemma 4.1 is completed
by the following proposition.
Proposition 6.3. The map M(X; Y)!M(A; Y) is a Kan bration.
The Kan condition translates into a lifting question on maps: we need to see that
given a map f :A!Yn+1 and maps gi :X !Yn for 0 i<n compatible on the faces
dj :Yn!Yn−1 and such that the restriction to A of gi is di f, we can nd a map
h :X !Yn+1 that restricts to f on A. Clearly, by taking a certain limit, we can
rephrase this as a lifting problem of the usual form [5, 3.2]; this is how we
proceed.
For n 0 and 0 k  n+ 1, let Lkn be the diagram in M consisting of objects:
 for each i; 0 i k, a copy of Yn labeled (di; Yn);
 for each (i; j), 0 i<j k, a copy of Yn−1 labeled (didj; Yn−1); (We understand Y−1
as the nal object.)
and maps
 for each (i; j), 0 i<j k, a map (dj; Yn)! (didj; Yn−1) given by the map di :Yn!
Yn−1;
 for each (i; j), 0 i<j k, a map (dj; Yn)! (didj; Yn−1) given by the map dj−1 :Yn!
Yn−1.
Let Lkn=LimL
k
n.
The face maps d0; : : : ; dk on Yn+1 induce a map Yn+1!Lkn. In the case k = n + 1,
Ln+1n is the object called (d; Yn) in [4, 4.3], and one of the conditions for Y to be
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a simplicial resolution is for the map Yn+1!Ln+1n to be a bration. For Proposition 6.3,
we are interested in the case k = n. The compatible maps gi :X !Yn induce a map
g :X !Lnn , and the lifting problem described above then translates to nding a lift for
the following square.
A
f−−−−−! Yn+1?????y
?????y
d0 dn
X −−−−−!
g
Lnn
Since A!X is a cobration, Proposition 6.3 is an immediate consequence of the
following proposition in the case k = n.
Proposition 6.4. The map Yn+1!Lkn is an acyclic bration for 0 k  n.
Proof. We prove this by induction on n. In the base case n=0; L00 is Y0 and the
map is the zeroth face map d0 :Y1!Y0, which is an acyclic bration by assumption
[4, 4.3.(ii)].
For 0 k  n, consider the following two subdiagrams D and E of Lk+1n . Let D be
the full subdiagram consisting of the (dk+1; Yn)’s and the (didk+1; Yn)’s for all i. Let
E be the full subdiagram consisting of the (di; Yn)’s for i<k + 1 and all (didj; Yn)’s.
Then the diagram Lk+1n is the \union" of D and E in the sense that every map in
Lk+1n is either a map in D or a map in E. This allows us to write the limit L
k+1
n as
the pullback of the limits Lim D and Lim E over the limit of D \ E. The diagram
consisting of the object (dk+1; Yn) is an initial subdiagram of D, and the diagram Lkn
is an initial subdiagram of E. From this we see that the diagram on the left below is
a pullback.
Lk+1n −−−−−! (dk+1; Yn) Lk+1n −−−−−! Yn?????y
?????y
idi
?????y
?????y
idi
Lkn −−−−−!
dk
i(didk+1; Yn−1) Lkn −−−−−!
dk
Lkn−1
Since as objects of M, (didk+1; Yn−1)= (di; Yn−1), we can identify the product
i(didk+1; Yn−1) with (di; Yn−1). The simplicial relations among the face maps imply
that both maps, Yn! i (di; Yn−1) and Lkn! i (di; Yn−1), factor through the subobject
Lkn−1. Thus, we see that the diagram to the right above is a pullback. The map on
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the right in this diagram is easily seen to be the face map Yn!Lkn−1 and is therefore
an acyclic bration by induction when k<n. When k = n, this map is a bration by
the resolution assumption [4, 4.3.(iii)]. It follows that the map Lk+1n !Lkn is an acyclic
bration for k<n and a bration for k = n.
By induction on k, the map Yn+1!Lkn is a weak equivalence for 0 k  n. The
base case k =0 follows from the resolution assumption [4, 4.3.(ii)]. The inductive step
follows from the fact that the map Yn+1!Lkn factors through the map Lk+1n !Lkn. By
downward induction on k, we see that the map Yn+1!Lkn is a bration for all k. The
base case Yn+1!Ln+1n is the resolution assumption [4, 4.3.(iii)].
7. Review of the equivalence of diagM(X ; Z) with LM(X; Z)
The argument for Lemma 6.1 in the next section proceeds by comparison maps
based on the chain of maps given in [4, 7.2]. These arguments require the use of
ne details of these maps, and because these are complicated, we review them in this
section.
Let X be cobrant and Z be brant, and choose a special cosimplicial resolution
X !X and a special simplicial resolution Z!Z. We can choose X  with X 0 =X
and the map X 0!X the identity, and similarly, we can choose the map Z!Z0 to be
the identity. Consider the bisimplicial set M(Z; Z). The basic statement of [4, 7.2]
is that there exists a simplicial set M and weak equivalences
diagM(X; Z)
 M ! LM(X; Z):
Let M be the simplicial set whose m-simplices are the diagrams
where the horizontal maps are induced by the cosimplicial structure maps of X  and
the simplicial structure maps of Z by the maps f1; : : : ; fm in  and g1; : : : ; gm in
op. The diagonal map h is any map in M(Xpm; Zq0 ). We have a simplicial map
M! diag M(X ; Z) that takes the m-simplex (7.1) to the element Z(g)hX (f) in
M(Xm; Zm) where f is the map in  that sends (0; : : : ; m) to (f1(p0); : : : ; fm(pm); pm),
and g is the map in  opposite to the map that takes (0; : : : ; m) to (0; gop1 (0); : : : ;
gopm (m)).
Proposition 7.2. The map M! diagM(X ; Z) is a weak equivalence.
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Proof. It suces to see that the induced map on geometric realizations is a weak
equivalence. The geometric realization of M is isomorphic to the geometric realiza-
tion of the simplicial set M 0 whose m-simplices are the diagrams of the form
Xp0
X (f1) −−−−−    X (fm) −−−−− Xpm
h
?????y
Zq0 −−−−−!
Z(g1)
  −−−−−!
Z(gm)
Zqm :
The simplicial set M 0 is the homotopy colimit of M(X
; Z) viewed as a functor
from the category opop to the category of simplicial sets. The composite map
jM 0j! jdiagM(X ; Z)j is the geometric realization of the usual map from the homo-
topy colimit to the diagonal [1, XII.3.4], which is a weak equivalence [1, XII.4.3].
Consider the category C=(W\Cof)−1M(W\Fib)−1(X; Z) of [4, 7.2]. This cat-
egory has as objects the diagrams
X  A!B Z
where the map A!X is an acyclic bration and the map Z!B is an acyclic co-
bration. There is a canonical inclusion NC!LM(X; Z) that according to [4, 7.2.(ii)]
is a weak equivalence. We have a simplicial map M!NC that takes the m-simplex
pictured in (7.1) to the m-simplex of NC specied by the diagram
The assumption that X !X and Z!Z are special resolutions implies that the
maps Xpi!X are acyclic brations and the maps Z!Zqi are acyclic cobrations.
Proposition 7.3. The map M!NC is a weak equivalence.
Proof. (Cf. [4, 7.2.(iii)].) The map M!NC factors through the simplicial set N
whose m-simplices are the diagrams
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where the maps Ai!X are acyclic brations and the maps Z!Bi are acyclic cobra-
tions. Playing the same trick as in the proof of Proposition 7.2, we can identify jNj
as the geometric realization of a homotopy colimit and use [4, 6.11{6.12] to conclude
that the map M!N is a weak equivalence.
To see that the map N!NC is a weak equivalence, consider the bisimplicial set
P whose set of km-simplices consists of the diagrams
with the maps Ai!X acyclic brations and the maps Z!Bi and Z!Cj acyclic co-
brations. Write P for diagP. We have simplicial maps  :P!NC and  :P!N
by forgetting about the C0; : : : ; Ck part of the diagram and the B0; : : : ; Bm part of the
diagram respectively. These maps are easily seen to be weak equivalences. In addition,
we have a map  : P!NC that sends the n-simplex of P pictured above (for
k =m= n) to the n-simplex of NC determined by the following diagram.
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The maps  and  are homotopic, and so  is also a weak equivalence. On the other
hand,  is the composite of  with the map N!NC that we are interested in, which
then must be a weak equivalence.
8. The proof of Lemma 6.1
For the proof of Lemma 6.1, we need to show that the two inclusions into LM(X; Y)
are weak equivalences. It is elementary to see that the map LM(X; Y )
! diag LM(X; Y) is a weak equivalence: Since each map Y !Yn is a weak equiv-
alence, each map LM(X; Y )!LM(X; Yn) is a weak equivalence. The main diculty
is showing that the inclusion M(X; Y)!diag LM(X; Y) is a weak equivalence. We
argue by comparing this map with the constructions described in the last section.
To do this, we add another simplicial direction to the constructions; we need the spe-
cial simplicial resolutions for the various Yn’s to be related by simplicial maps. In other
words, we need to form from a simplicial resolution Y !Y a kind of \bisimplicial
resolution" Y!Y. We prove the following lemma in the next section.
Lemma 8.1. Let Y be a simpicial object inM. There exists a bisimplicial object Y
and a bisimplicial map from Y regarded as constant in the second direction to Y
such that for each n; Yn!Yn is a special simplicial resolution [4, 6.8]. Moreover; if
Y is a simplicial resolution then we can choose Y so that Y=Y0 and the inclusion
Y!Y0 is the identity.
Now take Z to be Yn. The simplicial sets M described in the previous section
are natural in n and assemble to a bisimplicial set (M). Write M for the simplicial
set M(X; Y). We have a simplicial map M! (M0) induced by the identication
X 0 =X , Z0 =Yn. We thereby obtain a simplicial map M! diag(M).
Proposition 8.2. The map M! diag(M) is a weak equivalence.
Proof. The composite map M! diag(M)! diagM(X ; Y) is the map induced
by X !X and Y!Y and is a weak equivalence by [4, 6.1{6.2]. The proof now
follows from Proposition 7.2.
The simplicial sets LM(X; Yn) are natural in n and assemble to a bisimplicial set
LM(X; Y). However the constructed maps (M)n!LM(X; Yn) do not assemble to a
bisimplicial map. We adjust for this diculty as follows. Regarding (M) as
a functor from op to simplicial sets, we can form the two sided bar construction
Mh =N((M);
op;[]). Here [] denotes the functor from (op)op = that takes
the object n to the standard simplicial n-simplex [n]. Regarding diag (M) as the
coend of the functor (M)[], we obtain a canonical map Mh! diag (M) that
is easily seen to be a weak equivalence. Write Mh for the two-sided bar construction
N(M;op;[]). The inclusion of M as (M0) induces a map Mh!Mh . The map
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Mh!M is a weak equivalence, and so the map Mh!Mh is a weak equivalence.
We prove the following proposition.
Proposition 8.3. There is a weak equivalence Mh! diag LM(X; Y) that makes the
following diagram commute.
Lemma 6.1 is an immediate consequence.
The map Mh!LM(X; Y) is constructed by building homotopies between the sim-
plicial structure maps on (M) and those of LM(X; Y). For example, consider
a simplicial structure map in Y from Ym to Yn. The corresponding simplicial struc-
ture map (M) sends a 0-simplex h : Xp!Ymq to the 0-simplex Xp!Ynq given by
the composite. The image of this in LM(X; Yn) represented by the diagram on the left
below. The corresponding simplicial structure map in LM(X; Y) takes the image of h
to the element of LM(X; Yn) is represented by the diagram on the right below.
X  Xp!Ynq Yn X  Xp!Ymq Ym!Yn: (8.4)
These diagrams do not represent the same element of LM(X; Yn), although they are
homotopic: the 1-simplex of LM(X; Yn) represented by the diagram
has as its faces the two 0-simplexes represented by the diagrams above. We use this
observation to build the necessary homotopies.
First, it is useful to factor the map M!LM(X; Z). Let D be the category whose
objects are the maps Xp!Zq and whose morphisms are the commuting diagrams
Xp
X (f)−−−−−! Xp0?????y
?????y
Zq −−−−−!
Z(g)
Zq0
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for maps f in  and g in op. It is possible to show using the argument of Propo-
sition 7.3 that the map M!ND is a weak equivalence, but we shall not need this
fact. The advantage of this factorization is that the map ND!LM(X; Z) is induced
by a functor. We can describe LM(X; Z) as the nerve of the category E whose ob-
jects are the \reduced hammocks of width zero and any length" between X and Z
[3, 2.1] and whose maps are the reduced hammocks of width one and any length be-
tween X and Z (such a hammock gives a map from its rst face to its zeroth face).
The map ND!LM(X; Z) is induced by the functor that takes the object Xp!Zq
to the hammock X  Xp!Yq Y . Write Dn and En for the categories corresponding
to Z=Yn. By construction, D and E are simplicial categories, but the functors
Dn!En do not assemble to a simplicial functor.
Denote the functor Dn!En as Fn, and for g a map in op from m! n, write Dg
and Eg for the corresponding simplicial structure functors of D and E. Consider the
composite functors Eg Fm and Fn Dg from Dm to En. These functors take the object
Xp!Ymq of Dm to the objects of En displayed in (8.4). The map in En displayed in
(8.5) is a natural transformation g from Eg Fm to Fn Dg. Now let g0 be a map in
op from k!m. We then have three composite functors Dk!En
Eg Eg0 Fk; Eg Fm Dg0 ; Fn Dg Dg0 ;
related by natural transformations
Furthermore, it is elementary to see that the previous diagram commutes: the map
g Egg0
is easily seen to be the map gg0 by the reduction rules [3, 2.1. (iv-v)0]. More
generally for composable maps n0
g1!    gm! nm in op, we obtain a commuting
m-simplex diagram. In other words, writing gn;m for the composite gn      gm, in the
following diagram
Egm; 1 Fn0
Egm; 2 g1−! Egm; 2 Fn1 Dg1
Egm; 3 g2−!    gm−! Fnm Dgm; 1 ;
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the composite map Egm; j Fnj−1 Dgj−1; 1!Egm; k Fnk Dgk−1; 1 for j<k is the map Egm; j+1
gk−1 ; j.
Let Fm denote the category with m+ 1 objects labeled 0; : : : ;m, and a unique map
j! k whenever j k. Then from the work above, composable maps n0 g1!    gm! nm
in op induce a functor Dn0 Fm!Enm . Denote this functor as Fg1 ;:::; gm . For xed n,
let Cn be the category obtained as the disjoint union of the categories Dn0 Fm over
the composable maps n0
g1!    gm! nm and maps f : nm! n in op (m; n0; nm varying)
Cn=
a
n0
g1!gm!nm;
m; f : nm!n
Dn0 Fm:
Then Ef Fg1 ;:::; gm denes a functor Gn :Cn!En.
We can assemble the Cn into a simplicial category in the evident way, dening faces
and degeneracies by the functors
di : (Dn0 Fm; g1; : : : ; gm; f) 7! (Dn0 Fm; g1; : : : ; gm; di f);
si : (Dn0 Fm; g1; : : : ; gm; f) 7! (Dn0 Fm; g1; : : : ; gm; si f):
The functors Gn then clearly assemble to a simplicial functor G :C!E. Applying
the nerve, we obtain a simplicial map NC!NE.
Since the nerve of Fm is canonically isomorphic to [m], and the set of maps
f : nm! n in op is the set of n-simplexes of [nm], the nerve of C is easily seen to
be the simplicial set
NC=
a
m
Nm(ND;op; [])[m]:
There is a canonical quotient map from the righthand side above to the two-sided bar
construction N(ND;op; []). We show that the map NC!NE factors through
this quotient as follows.
Note that F is a cosimplicial category, and let B be the simplicial cosimplicial
simplicial category
Bmk; n=
a
no
g1!
gk!nk ;
f : nk!n
Dn0 Fm:
For k =m, we can regard Bmm;n as a subcategory of Cn. For e : k!m in op, we have
functors
Be :Bmk; n!Bkk; n and Be :Bmk; n!Bmm;n:
Consider the composite functors
Bmk; n!Bkk; n!Cn!En and Bmk; n!Bmm;n!Cn!En:
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It is straightforward to check from the construction of Gn that these two functors
coincide. We can identify the nerve of Bkm; as
NBkm;=
a
k;m
Nk(ND;op; [])[m];
and it follows that the map NG factors through the coequalizer of
a
h:k!m
Nk(ND;op; [])[m]!!
a
m
Nm(ND;op; [])[m];
which is the two-sided bar construction N(ND;op; []).
Let  :Mh! diag LM(X; Y) be the map
Mh =N((M);
op; [])
!N(ND;op; [])!NE=diag LM(X; Y):
To see that  is a weak equivalence, we note that the composite of the inclusion of
(M)0 in Mh and the map  factors through the weak equivalence (M)0!LM(X; Y0)
described in Section 7.
It is easily checked that both composite maps Mh! diag LM(X; Y) send a general
element (h; g1; : : : ; gm; f) of Mhn specied by a map h :X !Yn0 in M and maps n0
g1!
   gm! nm and f : nm! n in op to the element of LM(X; Yn) specied by (the reduction
of) the diagram
X id − X 0 Y (fgm;1)h−! Yn0 id Yn:
This implies that the diagram in Proposition 8.3 commutes.
9. The proof of Lemma 8.1
The proof of Lemma 8.1 uses the closed model category structures constructed in
[9]. The work of [9] shows that for any closed model category M, the category opM
of simplicial objects in M is a closed model category with weak equivalence the level-
wise weak equivalences, those simplicial maps X!Y that restrict to weak equivalence
in each degree Xn!Yn.
The cobrations and brations are dened using the \skeleton" and \coskeleton"
functors. Denote by opn the full subcategory of 
op consisting of the objects 1; : : : ; n
and denote by In the inclusion functor. The n-skeleton functor skn and the n-coskeleton
functor ckn are dened as the left and right Kan extensions of In [7, Section 3] re-
spectively. Since M has nite colimits and limits, these functors exist by [7, 3.1]. This
description makes it clear that sknY and cknY are simplicial objects, that the canon-
ical maps sn : sknY!Y and cn :Y! cknY are simplicial maps, and that sn and cn
are isomorphisms in degrees less than n+1, but there are more illuminating inductive
descriptions of skn and ckn; the diagram on the left below is a pushout and the diagram
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on the right is a pullback in M
q
s:n!k
(skn−1Y)n −−−−−! q
s:n!k
Yn (cknY)k −−−−−! (ckn−1Y)k
?????y
?????y
?????y
?????y
(skn−1Y)k −−−−−! (sknY)k
Q
d:k!n
Yn −−−−−!
Q
d:k!n
(ckn−1Y)n
(9.1)
where the coproduct is over the degeneracy maps n! k (the maps in op opposite to
the surjections k! n) and the product is over the face maps k! n (the maps in op
opposite to the injections n! k).
The brations in opM are dened to be those simplicial maps X!Y for which
the induced map
Xn! (ckn−1X )n(ckn−1Y )nYn (9.2)
is a bration in M for each n. It turns out that a simplicial map X!Y is an acyclic
bration if and only if the map (9.2) is an acyclic bration for each n [9, 1.4.b].
Similarly a simplicial map X!Y is a cobration or acyclic cobration in opM if
and only if the map
(skn−1Y )n q(skn−1X )n Xn!Yn (9.3)
is a cobration or acyclic cobration in M for each n [9, 1.4.a]. One useful fact about
this model structure is the following.
Proposition 9.4. If X!Y is a cobration, bration, or weak equivalence then so is
each map Xn!Yn.
Proof. The case of a weak equivalence follows from the denition. For the case of
a cobration assume by induction that the map skn−1X! skn−1Y is a level-wise
cobration. Then we can write (sknX)k! (sknY)k as the composite of the cobration
(sknX)k =
a
Xn

q(q(skn−1X)n) (skn−1X)k
!
a
Xn

q(q(skn−1X)n) (skn−1Y)k
and the cobration obtained from (9.3) by cobase change
a
Xn

q(q(skn−1X)n) (skn−1Y)k
=
a
Xn

q(q(skn−1X)n)
a
(skn−1Y)n

q(q(skn−1Y)n) (skn−1Y)k
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!
a
Yn

q(q(skn−1Y)n) (skn−1Y)k
=(sknY)k :
It follows in particular the the map Xn=(sknX)n to Yn=(sknY)n is a cobration. The
case of a bration is entirely similar.
It is straightforward to identify (cknY)n+1 as the object (d; Yn) of [4, 4.3] (denoted
as Ln+1n in Section 6). It follows that Y !Y is a simplicial resolution in the sense
of [4, 4.3] if and only if Y !Y is a weak equivalence in opM and Y is brant
in opM. Likewise since (sknY)n+1 is the object (s; Yn) of [4, 6.7], the \special
simplicial resolutions" of [4, 6.8] are the brant approximations Y !Y in opM.
Proof of Lemma 8.1. Given Y, we choose Y!Y to be a special simplicial resolu-
tion in the closed model category opM. The construction given in [4, 6.7] shows that
if Y is brant in opM, we can choose Y0 =Y. The proposition follows from the fact
that (acyclic) cobrations and brations in opM are level-wise (acyclic) cobrations
and brations.
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